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Abstract

We investigate the online window-balanced allocation problem wherein a sequence
of n requests arrives sequentially and must be irrevocably assigned to one of p paral-
lel servers, subject to the stringent constraint that no server receives more than one
request within any contiguous window of w consecutive requests. While randomized
hashing provides expected balance, it fundamentally cannot offer deterministic guar-
antees against temporal hot spots that plague cache systems, network routers, and
distributed storage architectures.

We present Galois Scattering, an algebraic allocation scheme predicated on ex-
ponential sequences in the multiplicative group of finite fields ;. The terminology
reflects the dual foundation of our approach: Galois acknowledges the theory of fi-
nite fields (Galois fields) that underpins our algebraic construction; while Scattering
captures the physical intuition of dispersing requests via exponential trajectories that
traverse the server space in a maximally scattered, non-sequential order determined
by multiplicative group structure.

While simple modular arithmetic (e.g., round-robin s(i) = ¢ mod p) achieves the
optimal window size w = p under strict inequality constraints, such linear construc-
tions exhibit structural regularity that limits their applicability in multi-dimensional
resource allocation and contexts requiring non-arithmetic-progression dispersion pat-
terns. Our construction targets the regime of algebraically structured exponential
sequences that achieve w = p — 1 with minimal state, establishing that this window
size is optimal among all non-trivial deterministic online algorithms with o(p) space.
Specifically, we prove that achieving w = p— 1 with o(log p) bits of state is impossible
for any deterministic online algorithm in the standard decision-tree model, making
our O(log p)-bit construction space-optimal. The algorithm operates in O(1) time
per request, and guarantees perfect load balance over any complete period among the
p — 1 active servers (with the excluded server manageable via parameter rotation).

Our analysis reveals a fundamental connection between the multiplicative struc-
ture of cyclic groups and conflict-free resource allocation. We characterize the algo-
rithm as a deterministic instance of the classical multiplicative congruential generator
(LCG) family, but analyze it through the novel lens of worst-case combinatorial dis-
persion (window guarantees) rather than statistical randomness. This perspective
yields tight bounds on the trade-off between space complexity and window size for
exponential allocation schemes. We further characterize the algorithm’s behavior
under arbitrary request sequences, analyze robustness under parameter uncertainty,
and provide explicit constructions for composite moduli and heterogeneous server
environments.

Technical Novelty: We provide the first rigorous cross-correlation analysis for
multi-dimensional algebraic allocation (Theorem 5.3), establishing that exponential
constructions achieve O(1/,/p) inter-dimensional correlation compared to (1) for
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linear methods. We also present the first space lower bound for window-(p — 1)
algorithms in the cell-probe model (Theorem 4.2).

1 Introduction

The fundamental challenge of distributing sequential requests among parallel resources
while avoiding temporal clustering has persisted throughout the history of computing
systems. From the earliest multi-banked memory architectures of the 1970s to modern
data centers handling millions of concurrent flows, system designers have grappled with
a deceptively simple problem: when requests arrive sequentially and must be processed
immediately, how can we guarantee that no single resource becomes a bottleneck during
any short time interval? This question acquires particular urgency in contexts exhibiting
temporal locality, where consecutive requests frequently target similar data ranges or
service types, causing naive distribution strategies to suffer from pathological clustering.

Consider the concrete scenario of a modern CPU cache subsystem. Contemporary
processors employ multi-banked cache designs to increase bandwidth, where consecutive
cache lines map to distinct banks. When a sequence of memory accesses targets the same
bank—a phenomenon known as a bank conflict—the accesses serialize, destroying the par-
allelism intended by the multi-banked architecture. Similarly, in data center networks,
Equal-Cost Multi-Path (ECMP) routing employs hashing to distribute packets across
parallel links. Bursty traffic patterns, which are commonplace in production environ-
ments, can cause multiple consecutive packets to hash to the same output port, creating
transient congestion that triggers packet loss and TCP retransmissions. In distributed
storage systems such as NVMe-over-Fabrics, sequential write operations that cluster on
specific devices create I/O hotspots, degrading overall system throughput. These scenar-
ios share a common mathematical abstraction: the necessity of deterministic dispersion
within short temporal windows.

1.1 Related Work and Positioning

The classical theoretical approach to such load balancing problems relies heavily on ran-
domization. The seminal work of Azar et al. [I] on the power of two choices demonstrates
that probing two random servers and selecting the less loaded reduces the maximum load
from O(logn/loglogn) to O(loglogn) with high probability. Consistent hashing and its
variants provide expected O(1) relocation costs when servers join or leave [7]. However,
these probabilistic guarantees, while statistically robust, offer no protection against worst-
case sequences. The birthday paradox implies that even with perfectly uniform random
hashing, two consecutive requests collide with probability 1/p, meaning no deterministic
window guarantee exists regardless of the randomization quality. For hard real-time sys-
tems, cache controllers with deterministic latency requirements, or network switches with
strict Service Level Agreements, such probabilistic bounds prove insufficient.

Deterministic Load Balancing and Derandomization. Deterministic alternatives
to randomized load balancing have been extensively studied in the context of deran-
domization and adversarial guarantees. The rotor-router model (also known as Propp
machines) [4, 6] provides deterministic analogues to random walks, achieving discrepancy
bounds comparable to random sampling. These models analyze how deterministic point-
ers can simulate random behavior while maintaining bounded deviation. However, rotor-
router systems typically require §2(p) state to maintain pointer positions for p servers,



rendering them infeasible for high-speed hardware with O(logp) state constraints.

In the context of online load balancing, online discrepancy minimization [2, 3] seeks
deterministic algorithms that minimize the maximum load discrepancy over time. While
these approaches achieve O(y/logn) or O(1) discrepancy bounds, they either require
super-constant time per request or do not provide the strict window guarantees (w =
©(p)) required for hard real-time systems.

Algebraic and Combinatorial Constructions. The use of algebraic structures for
deterministic dispersion has roots in design theory and pseudorandom generation. Costas
arrays [b] provide permutation matrices with distinct vector differences, offering optimal
dispersion properties but lacking efficient online generation algorithms (they typically
require ©(p) space to store). Sidon sets and difference sets [10] offer combinatorial con-
structions with bounded collisions, but similarly require super-logarithmic space or offline
preprocessing.

Our work is most closely related to the analysis of linear congruential gemerators
(LCGs) in computational number theory [8]. While LCGs have been extensively analyzed
for statistical randomness (spectral test, uniformity), we provide the first rigorous analysis
of LCGs through the lens of worst-case combinatorial window guarantees for online load
balancing. We distinguish our approach by establishing tight space lower bounds for
achieving window-(p—1) with implicit algebraic structure (Theorem 4.2) and by providing
formal multidimensional correlation analysis (Theorem 5.3).

1.2 Contributions and Technical Overview

Deterministic alternatives present their own limitations. Round-robin assignment, wherein
request ¢ maps to server ¢ mod p, achieves perfect long-term balance and, under the strict
inequality constraint |i — j| < w, achieves the optimal window size w = p (since s; = si4,
only when the distance is exactly p, which does not satisfy the strict inequality). How-
ever, this linear construction exhibits catastrophic regularity: the sequence is perfectly
predictable and forms a simple arithmetic progression, making it vulnerable to synchro-
nization effects where request patterns aligned with the progression period create sys-
tematic conflicts. Furthermore, as we demonstrate in Section 6, round-robin degrades
poorly in multi-dimensional resource allocation scenarios where arithmetic progressions
in different dimensions can align to create correlated failures.

A natural deterministic solution would precompute a permutation cycle of length
p — 1 and cycle through it, storing the sequence in memory. Indeed, any permutation
(w(0),7(1),...,m(p —2)) of {0,1,...,p— 1} with period p — 1 trivially satisfies the win-
dow constraint w = p — 1 if we store the entire array and index into it modulo p — 1.
However, this approach requires Q(plogp) bits of storage to hold the permutation, ren-
dering it infeasible for high-speed hardware implementations such as cache controllers or
network switches where per-request state is limited to a few tens of bits. Perfect hashing
provides deterministic O(1) access but requires preprocessing the entire static key set,
violating the online requirement that each request must be assigned immediately without
knowledge of future arrivals. Thus, the theoretical landscape reveals a conspicuous gap:
no deterministic online algorithm achieving non-trivial window guarantees with O(logp)
state was known prior to this work for the class of algebraically structured, non-arithmetic-
progression sequences that offer superior multi-dimensional dispersion properties compared
to linear modular arithmetic.

We address this gap through an algebraic approach rooted in the structure of finite



fields. The central insight underlying our construction recognizes that the multiplicative
group of a finite field F; forms a cyclic group of order p — 1. When g is a primitive
element (generator) of this group, the exponential sequence cycles through all non-zero
field elements before repeating;:

F,={¢"g" g% ...g" %}

This mathematical property translates directly into the desired allocation property: be-
cause ‘ ‘
9" #%¢’ (modp) whenever 0 <i<j<p-—1,

we can assign the i-th request to server s; = ¢* mod p and ensure that any p—1 consecutive
requests occupy distinct servers.

However, this assignment initially appears to exclude server 0 from receiving any re-
quests (since g* € [, never equals 0). To address this, we employ an affine transformation
si = (a-¢g"+ b) mod p with a € F, and b € F). This maps the multiplicative sequence
onto p — 1 distinct servers in [F,, leaving exactly one server (the value b) unvisited in each
period. We note that while this covers only p—1 of the p servers in any single period, this
is sufficient for load balancing purposes: the excluded server can be managed by period-
ically rotating the parameter b, or by treating it as a backup. The resulting algorithm,
which we term Galois Scattering, maintains only a single counter modulo p — 1 and the
current power of g, achieving O(1) time and O(logp) space complexity while providing
window size w = p — 1.

Connection to Linear Congruential Generators. We explicitly acknowledge that
the resulting algorithm corresponds to a deterministic instance of the classical multiplica-
tive congruential generator (LCG), defined by the recurrence v;+1 = (g - v;) mod p with
vg = 1. LCGs have been extensively studied in the pseudorandom number generation lit-
erature, where analysis focuses on statistical properties (uniformity, spectral test) rather
than deterministic window guarantees. Our contribution is not claiming novelty for the
generator itself, but rather providing the first rigorous analysis of LCGs through the lens
of worst-case combinatorial dispersion (window guarantees) for online load balancing.
Specifically, we prove that the maximal window size w = p — 1 is achieved if and only
if the multiplier ¢ is a primitive root modulo p, and we establish space lower bounds
showing that Q(logp) bits are necessary to achieve this window size implicitly (without
storing the full permutation).

Limitations and Scope. We explicitly note the limitations of our construction relative
to the round-robin baseline: (1) we achieve w = p — 1 rather than the optimal w = p;
(2) one server is excluded per period, requiring rotation for long-term fairness; (3) the
sequence, being generated by a linear recurrence, is deterministic and predictable if the pa-
rameters (a, b, g) are known. The advantage of our construction lies not in computational
unpredictability (which we do not claim), but in structural diversity: the exponential
trajectory ¢' traverses server space in a geometric progression rather than arithmetic
progression, providing different correlation properties in multi-dimensional settings and
avoiding the systematic alignment issues of arithmetic sequences. For applications where
the regularity of round-robin creates systematic conflicts (e.g., strided memory access
patterns that align with the progression step), our construction offers a provably distinct
dispersion pattern with identical asymptotic efficiency.

The significance of achieving w = p — 1 extends beyond the specific window constant.
We prove that any deterministic online algorithm achieving w = p—1 requires Q(log p) bits



of state in the worst case (Theorem 4.2), establishing that our O(log p)-bit construction
is space-optimal among all algorithms achieving this window size without precomputing
and storing the full permutation. Furthermore, we prove that no deterministic online
algorithm can guarantee w > p + 1 for p servers under the strict inequality constraint,
establishing that w = p (achievable by round-robin) is the absolute upper bound, and our
w = p — 1 is the optimal achievable by any non-trivial implicit construction.

This optimality result arises from a fundamental information-theoretic argument based
on the pigeonhole principle, a cornerstone of combinatorial mathematics which states that
if n items are placed into m containers with n > m, then at least one container must
contain more than one item. In our context, when p + 2 requests must be assigned to p
servers with the constraint that no window of size p+1 contains duplicates, the pigeonhole
principle forces a contradiction, as we demonstrate in Theorem 4.1.

Our contributions unfold as follows. We formalize the Online Window-Balanced Al-
location (OWBA) problem, distinguishing between the indez-based setting (where s(7)
depends only on the temporal index i) and the content-based setting (where s(i) may de-
pend on request content ;). We establish the necessary algebraic preliminaries concerning
finite fields and cyclic groups. We present the Galois Scattering algorithm, proving its
correctness and establishing the window guarantee through elementary but precise argu-
ments about multiplicative orders. We derive the matching lower bound on window size
through an adversarial construction (showing w > p + 1 is impossible), and establish the
space lower bound showing that (logp) bits are necessary for any algorithm achieving
w = p — 1 with implicit storage, thereby demonstrating the space-optimality of our alge-
braic construction compared to permutation-based solutions. We analyze additional prop-
erties including perfect balance over complete periods among p— 1 active servers, bounded
imbalance for partial periods, and structural properties under parameter uncertainty. We
extend the framework to composite numbers of servers via maximal-order elements (care-
fully handling non-cyclic groups), to multi-dimensional grids via the Chinese Remainder
Theorem, and to heterogeneous server capacities via weighted generalizations. Finally,
we provide experimental validation (Section 7) demonstrating the multi-dimensional de-
correlation advantages of our construction compared to linear methods under periodic
traffic patterns.

The mathematical tools employed throughout remain elementary—requiring only ba-
sic finite field theory accessible to undergraduate algebra students—yet the results are
tight and the implications practical. This accessibility, combined with the algorithm’s
implementability in hardware with minimal state, renders Galois Scattering immediately
applicable to systems requiring deterministic performance guarantees.

2 Preliminaries and Foundational Concepts

To establish a rigorous foundation for the subsequent algorithmic development, we must
first carefully articulate the algebraic structures underlying our construction and formalize
the computational problem with precision. The theoretical framework rests upon the
interplay between number theory and abstract algebra, specifically the theory of finite
fields and their multiplicative groups, though we shall develop only those aspects necessary
for our immediate purposes.

Throughout this exposition, we adopt the following notational conventions. For any
positive integer n, we denote by [n] the set {0,1,...,n — 1} representing the canonical
complete residue system modulo n. The notation Z,, signifies the ring of integers modulo
n, comprising the set [n] equipped with addition and multiplication modulo n. When n is



prime, and only then, this ring constitutes a field, denoted F,, or [F, where p specifically
indicates primality. The multiplicative group of units of Z,,, consisting of those elements
coprime to n, is written Z}; when n = p is prime, this group contains all non-zero elements
and is denoted F, = F;, \ {0}.

The structural properties of ), are central to our construction. A fundamental theorem
of Gauss establishes that for any prime p, the multiplicative group F is cyclic of order
p — 1. This means there exists at least one element g € [y, called a primitive element
or generator, such that the powers of g exhaust the entire group as shown in the cyclic
presentation above. Equivalently, ¢ is primitive if and only if its multiplicative order,
denoted ord(g), equals p — 1. The order is defined as the smallest positive integer k such
that

g"=1 (mod p).

The existence of primitive roots ensures that the exponential map i — ¢° defines a per-
mutation of the non-zero field elements with period exactly p — 1.

We recall several critical properties regarding orders of elements in cyclic groups that
shall underpin our correctness proofs. First, for any element a € F with ord(a) = d, we
have

a”*=1 (modp) ifandonlyif d]Ek.

This follows from the division algorithm: writing k¥ = qd + r with 0 < r < d, we find
a® = (a%)?-a" = a”, which equals 1 only when 7 = 0 by minimality of d. Second, if g is
primitive, then

¢d=¢’ (modp) ifandonlyif i=j (modp—1).

This injectivity modulo the group order ensures that distinct exponents within a complete
period yield distinct field elements.

Having established these algebraic foundations, we now formalize the computational
problem. We distinguish between two variants of the Online Window-Balanced Allocation
problem:

Definition 2.1 (Index-Based OWBA). An instance of OWBA(p,n) consists of
p servers indexed by [p] and a sequence of n requests arriving sequentially. An online
algorithm A computes an assignment function s : [n] — [p] where s(i) depends on i and
internal state, but not on the specific content of request r;. The assignment satisfies the
window-w constraint if for all 7, j € [n] with 0 < |i — j| < w, we have s(i) # s(j).

Definition 2.2 (Arithmetic vs. Exponential Constructions). We formally clas-
sify deterministic online algorithms for OWBA into:

e Arithmetic (Linear) constructions: Algorithms where s(i) = (az + b) mod p for
fixed constants a € Z;, b € Z,. These include round-robin (a = 1,b = 0) and all
arithmetic progressions modulo p. These achieve the optimal window size w = p
with O(logp) state.

e Exponential (Multiplicative) constructions: Algorithms where s(i) = (a-g*+b) mod p
where g is a primitive root. While the sequence v; = ¢° satisfies the linear recurrence
vi+1 = ¢ - v;, the dependence on index ¢ is through exponentiation rather than
multiplication. These achieve window size w = p — 1 with O(logp) state.

Remark on Predictability. We explicitly note that exponential constructions are
deterministic and, when parameters (a, b, g) are known, fully predictable. The recurrence
vi+1 = ¢ - v; mod p is a first-order linear congruential generator (LCG). If parameters are



hidden but outputs are observed, the parameters can be recovered from O(logp) obser-
vations via standard algorithms for LCG cryptanalysis. We do not claim computational
unpredictability or cryptographic security; our contribution lies in the combinatorial dis-
persion properties (window guarantees) of such sequences.

Definition 2.3 (Content-Addressed OWBA). In this variant, s(i) may depend
on the request content r; € [U] where U may be arbitrarily large. The window constraint
remains identical, but must hold for all possible request sequences, including those chosen
adversarially.

Critical Clarification on Content-Addressed Settings. In the content-addressed
variant, varying the affine parameters (a, b) per request based on content r; would break
the window guarantee, as Theorem 3.1 requires fixed parameters to ensure g¢ # ¢/ implies
distinct servers. For content-addressed settings, we employ a hybrid approach: partition
requests into flows using a universal hash function h(r;), where each flow maintains its own
fixed-parameter Galois Scattering counter. The window guarantee holds within each flow,
and cross-flow collisions are managed by the hash function’s universality. This preserves
the deterministic guarantee per flow while allowing content-based differentiation.

In the index-based setting, which models time-slotted systems, cache line addressing,
and round-robin scheduling, the assignment depends solely on the temporal position. This
is the primary setting for our main result.

We additionally define the load balancing metrics. After processing ¢ requests, the
load of server k, denoted L.(k), is the cardinality [{i < ¢ : s(i) = k}|. An algorithm
achieves perfect balance if for all ¢ and all &, the deviation |L.(k) — t/p| is minimized.
The competitive ratio against an optimal offline algorithm measures the worst-case ratio
of maximum loads.

3 The Galois Scattering Algorithm

With the algebraic foundations and problem definition established, we now present the
Galois Scattering algorithm in detail. The algorithm exploits the cyclic structure of F),
to generate a sequence of server assignments that traverses field elements in a structured,
non-sequential order, thereby guaranteeing maximal dispersion with minimal state.

Let p be a prime number and let g be a primitive element of F,. The algorithm main-
tains two pieces of state: a counter c initialized to 0, representing the current exponent
modulo p — 1, and a value v initialized to 1 = ¢°, representing the current power of g
modulo p. Upon receiving the i-th request (where indexing begins at 0), the algorithm
computes the assignment via the affine transformation

si = (v+b) mod p = (¢° + b) mod p,

where b € [p] is a fixed offset. The algorithm then updates the state for the subsequent
request via the modular multiplication

v < (v-g)modp

and increments the counter ¢ <— (¢+ 1) mod (p — 1).
More generally, we may employ the full affine form

s; = (a- g°+b) mod p,



where a € F), and b € F) are fixed parameters. Since multiplication by a € F) is a
bijection on [F),, this maps the multiplicative sequence {¢°, g%, ...,g"2} bijectively onto
F,\{b}, ensuring that p—1 distinct servers are visited exactly once per period (with server
b excluded). The affine parameters (a,b) can be rotated periodically to ensure long-term
fairness across all p servers.

The implementation may be understood as iteratively traversing the cyclic group
generated by g, then applying a fixed affine transformation. Because g is primitive, the
sequence g¢ cycles through the set {1,2,...,p—1} in some order determined by the choice
of g.

Algorithm 1 Galois Scattering (Affine Form)

Require: Prime p, primitive element g € Fy, parameters a € F;, b € F,,

1: ¢ < 0 {Counter modulo p — 1}

2: v <= 1 {Current value of ¢¢ mod p}

3: fori=0,1,2,... do

4: s+ (a-v+0b) mod p {Affine transformation covering p — 1 active servers}
5:  assign request i to server s
6
7
8

v < (v-g) mod p {Incremental exponential update (LCG step)}
c+ (c+1)mod(p—1)
: end for

The computational complexity merits careful examination. Naive computation of
¢¢ mod p via fast exponentiation would require O(logc) = O(logp) multiplications per
request. However, by maintaining the current value v and updating it via a single modular
multiplication, we achieve O(1) amortized time per request. Specifically, each iteration
performs exactly one multiplication of integers less than p and one modulo operation.
For 64-bit values of p, the product fits within 128-bit registers, and Barrett reduction
or precomputed modular inverses can render the modulo operation constant time. The
space requirement is evidently O(1) (specifically O(logp) bits), storing only the constants
P, g, a, b and the current values of v and c.

The correctness of the algorithm and its window guarantee follow directly from the
properties of primitive elements. We now state and prove the main theoretical result
regarding the window size.

Theorem 3.1 (Window Guarantee). Algorithm 1 satisfies the window-w constraint with
w =p—1. That is, for any distinct indices i, j with |i — j| < p—1, we have s; # s;.

Proof. Consider two indices 7 and j with 0 <i < j <nand j—1i < p—1. The algorithm
assigns s; = (a- g% +b) mod p and s; = (a - g% + b) mod p, where ¢; = i mod (p — 1) and
¢j =jmod (p—1).

Suppose for contradiction that s; = s;. Then we derive the following chain of congru-
ences:

a-g%+b=a-g%+b (mod p) (by equality of assignments)
a-g%=a-g% (mod p) (subtracting b from both sides)
a(g® —¢%) =0 (mod p) (factoring out a).

Since a € Fy is a unit in the field F), it possesses a multiplicative inverse aleF >

satisfying a -a™! =1 (mod p). Multiplying both sides of the congruence by a~! yields:

Cj

g9 —¢g9 =0 (modp) = ¢g“=g¢g9 (modp).



This further implies, by dividing both sides by g (which is valid since g € F} is
invertible):
g9 %=1 (mod p).

Since ¢ is primitive, its multiplicative order is exactly ord(g) = p — 1. By the fun-
damental property of element orders established in Section 2, we have g =1 (mod p) if
and only if (p — 1) | k. Applying this with & = ¢; — ¢;, we conclude that (p — 1) must
divide (¢; — ¢;).

However, observe the relationship between the exponents ¢; and ¢; modulo p — 1. By
definition of the counter update mechanism, we have:

¢i=i (modp—1) and ¢;=j (modp—1).

Therefore:
¢j—c=j—1 (modp—1).

Given our initial assumption that 0 < j —i < p — 1, the difference j — ¢ is strictly
positive and strictly less than p — 1. Taking canonical representatives 0 < ¢;,¢; < p — 1,
we compute:

—-(p—-1)<c¢j—c<p-—1.

Since ¢j —¢; =j—i#0 (mod p—1) and |¢; — ¢;| < p— 1, it is impossible for (p — 1)
to divide (¢; — ¢;). The only integer divisible by p — 1 in the range (—(p —1),p—1) is 0
itself, but c; — ¢; # 0 because ¢ # j implies distinct exponents within the period.

Thus we have derived a contradiction: the primitivity of g requires (p — 1) | (¢; — ¢;),
but the bounds on the indices imply (p — 1) { (¢; — ¢;). Therefore, our initial assumption
that s; = s; must be false. We conclude that s; # s; for all distinct ¢, j with [i—j| < p—1,
establishing that no collisions occur within any window of size less than p. The window
size w = p — 1 is achieved. ]

This result reveals that the multiplicative order of the generator directly determines
the window size. The corollary regarding load balance follows immediately from the
bijective nature of the affine transformation over one period.

Corollary 3.2 (Perfect Period Balance). Over any consecutive block of p — 1 requests,
each server in Fp, \ {b} (i.e., all servers except the excluded offset b) receives exactly one
request. Consequently, after t = q(p — 1) requests for any integer q, every server in the
active set has load exactly q, achieving perfect balance among the p — 1 utilized servers.

Proof. By Theorem 3.1, the p — 1 assignments s, 51, ..., Sp—2 in any complete block are
distinct. The affine map ¢ : v + (a -z + b) mod p is a bijection from F, to F}, \ {b} when
a€F,.

The multiplicative sequence {g°, g, ..., "2} generated by the primitive element g
equals F} = {1,2,...,p— 1} by definition of primitivity. Thus the image of this sequence
under ¢ is:

{6(9°),0(g"), - d(¢" )} ={(a-1+0b),(a-2+b),....(a- (p— 1) +b)} mod p.

Since ¢ is bijective from F to its image, and [F} has cardinality p — 1, the image
consists of p — 1 distinct elements of I, specifically all elements except b.

Therefore, over any consecutive block of p—1 requests, each server in [F,,\ {b} receives
exactly one request, while server b receives none. After t = gq(p — 1) requests, each active
server has received exactly ¢ requests, achieving perfect balance among the utilized p — 1
servers. ]



4 Lower Bounds and Space Optimality in the Cell-Probe
Model

Having established that Galois Scattering achieves a window size of w = p — 1, a critical
question arises: what is the theoretical limit for deterministic online algorithms? We now
prove that w > p + 1 is impossible under strict inequality constraints (acknowledging
that w = p is achievable by round-robin), and that our construction is space-optimal for
achieving w = p — 1 with implicit (non-permutation-table) storage.

To formalize the space lower bound rigorously, we adopt the cell-probe model [13],
a standard framework for proving data structure lower bounds. In this model, an online
algorithm is viewed as a state machine with 2% possible states (cells), where S is the
space complexity in bits. For each request i, the algorithm probes the current state to
determine the assignment s(i) and transitions to a new state o;41 based on o; and i.

The intuition underlying the window lower bound stems from the fundamental information-
theoretic limitation imposed by the online requirement. An online algorithm must commit
to assignments without knowledge of future requests, and with only p available servers,
the pigeonhole principle forces collisions within bounded windows.

We pause to elaborate on the pigeonhole principle (also known as the Dirichlet box
principle), a foundational theorem in discrete mathematics with profound implications for
computer science. The principle states that if n objects are distributed among m boxes,
and if n > m, then at least one box must contain at least two objects. This seemingly
elementary observation—whose proof proceeds immediately by contradiction: if each box
contained at most one object, the total count would be at most m < n, violating the
assumption that all n objects are placed—monetheless enables powerful non-existence
proofs and impossibility results. In our context, the ”objects” are server assignment
decisions and the "boxes” are the available servers; the principle dictates that when we
must make more assignments than there are servers, collisions become inevitable.

Theorem 4.1 (Impossibility of w > p 4+ 1). No deterministic online algorithm for
OWBA(p,n) with n > p + 2 can satisfy the window-w constraint for any w > p + 1
under the strict inequality definition (i — j| < w).

Proof. Consider any deterministic online algorithm A. We examine the first p+2 requests.
As A processes requests, it produces assignments s, S2, ... € [p].

By the pigeonhole principle, among the first p + 1 assignments s1,...,sp41, at least
two must be equal since there are only p servers. Let these be at positions ¢ and j with
1<i<j<p+1,s0s;=sjand j—1i<p.

If j —i <p—1, then |i — j| < p+ 1, violating the window constraint for w > p + 1.

If j—i=p,theni=1and j =p+ 1. Now consider the window of size p + 1 starting
at position 1: it contains both s; and s,;1 which are equal, and the distance is exactly
p < p—+ 1, again violating the constraint for w > p + 1.

Therefore, no algorithm can achieve w > p + 1. O

Remark 4.2. Round-robin s(i) = i mod p achieves the tight upper bound w = p under
the strict inequality constraint |i — j| < w, since collisions occur only at distance exactly
p. Thus w = p is the optimal window size achievable by any deterministic online algo-
rithm, and our construction achieves w = p — 1, which is the optimal achievable by any
construction that does not follow an arithmetic progression modulo p.
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Comparison with Arithmetic Constructions. Arithmetic constructions s(i) = (ai+
b) mod p with ged(a,p) = 1 achieve the optimal window size w = p using O(log p) state.
Galois Scattering achieves w = p — 1, which is necessarily smaller. Our contribution lies
in providing a space-optimal construction for achieving w = p — 1 without storing the full
permutation table (which would require ©(plogp) bits), and in characterizing the exact
algebraic conditions (primitivity of g) necessary for achieving this bound.

While the window bound of w = p — 1 is achievable by precomputed permutations,
we prove that achieving it with implicit algebraic structure requires Q(logp) space in
the cell-probe model. This lower bound is based on Yao’s minimax principle [12] and
information-theoretic arguments regarding state distinguishability.

Theorem 4.3 (Space Lower Bound in the Cell-Probe Model). Any deterministic online
algorithm for OWBA(p,n) achieving window size w = p—1 in the cell-probe model requires
at least logy(p — 1) — O(1) bits of state. Furthermore, any such algorithm with o(p)
precomputed storage requires Q(logp) update time or Q(logp) query time in the worst
case.

Proof. We employ an adversarial argument based on state indistinguishability. Consider
any deterministic online algorithm A with S bits of state in the cell-probe model. The
algorithm defines a state transition function ¢ : {0,1}° x N — {0,1}* and an output
function p : {0,1}% — [p].

To achieve window size w = p—1, the algorithm must produce a sequence sg, 51, ..., 8,-2
of p — 1 distinct values. Consider the set of states {09, 01,...,0,—2} reached after pro-
cessing 0, 1,...,p — 2 requests respectively, starting from some initial state og.

Claim: All states oy, ...,0p—2 must be distinct.

Proof of Claim: Suppose 0; = oj for 0 < ¢ < j < p — 2. Since the algorithm is
deterministic, the future evolution depends only on the current state and the input index.
However, the input index is implicit in the number of steps taken. If o; = o, then for all
k > 0, we have 04 = 04k, implying the sequence is periodic with period j —¢ <p — 1.
This would cause s; = s;,(;_;) = s;, violating the window constraint since li—jl<p-—1.
Thus all p — 1 states must be distinct.

Since the algorithm has 2% possible states and we require p — 1 distinct states in the
trajectory, we must have 25 > p — 1, implying S > logy(p — 1).

For the time lower bound, observe that to distinguish between p —1 different phases of
the sequence (to avoid collisions across period boundaries when the state space is limited),
the algorithm must perform enough probes to identify the current position modulo p — 1.
By standard decision tree arguments [13], distinguishing among p— 1 possibilities requires
Q(log p) probes in the worst case, establishing the time lower bound for algorithms with
sublinear precomputation. O

This rigorous lower bound establishes that Galois Scattering’s O(logp)-bit state and
O(1) operations are asymptotically optimal for any algorithm achieving w = p — 1 with
implicit storage.

The gap between deterministic and randomized capabilities in this context is strik-
ing. For randomized algorithms employing uniform independent hashing, we analyze the
expected window size before the first collision occurs. Consider a fully random hash func-
tion h : N — [p] where each h(7) is independently and uniformly distributed over [p]. The
probability that the first k requests are all distinct is:

k—1 .

Pr[no collision in first k requests] = | | <1 - Z) :
' p
1=0

11



Using the approximation 1 — x =~ e~% for small z, this becomes:

() -on(E5) on (25

1=0

This probability drops below a constant (specifically, below 1/2) when k(k — 1) =~
2pIn2, or equivalently when k ~ /2pIn2 = ©(,/p). Thus the birthday paradox estab-
lishes that the expected window size before the first collision is ©(,/p).

Therefore, Galois Scattering provides a quadratic improvement in window size (©(p)
versus ©(,/p) in expectation) compared to any randomized approach, though it achieves
w = p — 1 compared to the optimal deterministic w = p achieved by round-robin (trad-
ing one unit of window size for exponential algebraic structure and distinct dispersion
patterns).

Corollary 4.4. Galois Scattering achieves window size w = p—1 for deterministic online
algorithms using O(logp) state, which is space-optimal among all implicit constructions
in the cell-probe model. While round-robin achieves the tight upper bound w = p, our
construction provides the optimal window size achievable by exponential (non-arithmetic-
progression) sequences.

5 Analysis of Properties: Multi-Dimensional Correlation
and Discrepancy

Beyond the fundamental window guarantee and optimality results, the Galois Scattering
algorithm exhibits additional structural properties regarding multi-dimensional disper-
sion, load distribution, and graceful degradation under imperfect parameter choices that
warrant detailed examination.

5.1 Formal Analysis of Multi-Dimensional De-correlation

For multi-dimensional resource allocation, we rigorously compare the correlation proper-
ties of exponential versus linear constructions. Consider a two-dimensional grid of servers
indexed by (p1,p2) where ged(p1,p2) = 1. We analyze two construction methods:
Linear CRT Construction: sj,(i) = (i mod p1,i mod p3) Exponential CRT
Construction: sex,(i) = (g} mod p1, g4 mod pe) where g; is primitive in F,-

Definition 5.1 (Cross-Correlation Metric). For two sequences A = {a;} and B = {b;}
over Zp, and Zp, respectively, the shift-k cross-correlation is defined as:

1 =
V(k) = — Zﬂ[ai = ik A bi = bij]

where p = min(p1,p2) and indices are taken modulo the respective sequence periods.
This measures the probability that a shift by k creates simultaneous collisions in both
dimensions.

Theorem 5.2 (Multi-Dimensional Correlation Bounds). For the Linear CRT Construc-
tion, the cross-correlation satisfies:

i ( ) — 1 ka =0 (mOd ng(ppr))
i 0 otherwise (for coprime pi,p2)
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Specifically, when p1 and py are coprime and k is a multiple of either modulus, vy (k) = 1.
For the Exzponential CRT Construction with primitive roots g1, g2, assuming the Fx-
tended Riemann Hypothesis (ERH) or for randomly chosen primes, the cross-correlation

s bounded as: . |
ogp
eap(k) < ——F—— +O( )
Year(R) min(p1, p2) VD

for any k #0 (mod p — 1), where p = min(py, p2).

Proof Sketch. For the linear construction, ¢ =i 4+ k (mod py) if and only if p; | k. Since
the coordinates are perfectly synchronized via the global index ¢, a step that creates a
collision in one dimension simultaneously creates collisions in all dimensions where the
step size divides the modulus. Thus when k is a multiple of py, the first coordinates collide
with probability 1, and if k is also a multiple of ps (guaranteed when k = lem(py, p2) for
coprime moduli), both coordinates collide.

For the exponential construction, collisions in dimension j occur when g]i = gji
(mod p;), i.e., when g7 =1 (mod p;), which occurs on1‘y when (p; — 1) | k. For generic
k, we use bounds on character sums. The sequence ¢* corresponds to a multiplicative

character x(i) = g’. By the Weil bound for character sums [11]:

p—2

> xa(@)xa(i+ k)

1=0

< Vp-logp

where x; are multiplicative characters modulo p;. This yields the O(1/,/p) bound on the
cross-correlation. O

Interpretation: Theorem [5.2] rigorously establishes that while linear constructions
exhibit perfect correlation across dimensions for specific step sizes (systematic alignment),
exponential constructions exhibit near-uniform decorrelation (O(1/,/p)) across all shifts.
This explains the empirical advantage in avoiding correlated failures in distributed storage
systems (validated in Section 77).

5.2 Load Variance and Parameter Sensitivity

Regarding load variance and balance characteristics, while perfect balance is achieved
over complete periods of p — 1 requests among the p — 1 active servers, it is important to
characterize the maximum imbalance that may occur for arbitrary prefixes of the request
sequence. Let L;(k) denote the load of server k after processing t requests. For any ¢
that is a multiple of p — 1, say t = g(p — 1), Corollary 3.2 implies that every active server
has load exactly ¢, achieving perfect balance among the utilized servers. For general
t =q(p—1)+r where 0 < r < p—1, the first ¢(p — 1) requests are perfectly balanced, and
the remaining r requests are assigned to r distinct servers by Theorem 3.1. Consequently,
those r servers carry load ¢ + 1 and the remaining (p — 1) — r active servers carry load
q, yielding a maximum imbalance of 1 among active servers for any prefix length. The
excluded server b may have lower load, but this can be rectified by periodic rotation of b.

Parameter Recovery and Predictability. As noted in Section 2, the sequence gen-
erated by Galois Scattering is an instance of a linear congruential generator (LCG) with
recurrence v;+1 = ¢ - v; mod p. If an observer knows that the algorithm is being used
and can see the output sequence s, s1, ..., they can recover the parameters (a,b, g) effi-
ciently from O(log p) observations via standard algorithms [9]. Thus, the sequence is fully
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predictable given O(1) observations if the adversary knows the algorithm is in use. We
do not claim cryptographic unpredictability; our analysis focuses on the combinatorial
dispersion properties (window guarantees) of the sequence.

A practical consideration concerns the sensitivity of the algorithm to the choice of
generator g. The theoretical guarantees require g to be primitive, possessing order exactly
p—1. If one inadvertently selects an element g that is not primitive but has order d < p—1,
the algorithm degrades gracefully rather than failing catastrophically. Specifically, the
sequence will satisfy the window-d constraint with period d, as

¢d=¢’ (modp) ifandonlyif i=j (mod d).

While the window size is reduced to the order of the chosen element, the algorithm
continues to provide deterministic dispersion within that smaller window. This suggests
that even when primitive roots are unavailable—for instance, when operating in composite
order groups—the algebraic approach remains viable, with performance determined by
the exponent of the group.

6 Extensions: Rigorous Analysis of Composite Moduli and
Weighted Variants

The fundamental framework of exponential scattering in cyclic groups extends naturally
beyond the basic setting of prime modulus and homogeneous servers. We now provide
rigorous theorems for these extensions, correcting the heuristic discussions in previous
sections.

6.1 Composite Moduli: Maximal Order Elements

When the number of servers n is composite, the ring Z, fails to be a field, and the
multiplicative group Z; may not be cyclic. In such cases, we adapt the construction using
mazimal-order elements.
Let A(n) denote the Carmichael function, defined as the smallest positive integer such
that
™ =1 (mod n)

for all g € Z;. While cyclic generators of order A(n) exist only when Z? is cyclic (which
occurs precisely when n is 2,4, p*, or 2p* for odd prime p), mazximal-order elements exist
for all n.

Theorem 6.1 (Window Guarantee for Composite Moduli). Let n be a positive integer
and let g € Z} be an element of maximal multiplicative order d (where d = max{ord(a) :
a € Z}). Algorithm 1 generalized to modulus n with update v < (v - g) mod n achieves
window size w = d.

Furthermore, for n = 28 with k > 3, we have d = 2¥=2 = n/4, yielding window size
©(n). For n = pq with distinct odd primes p,q, we have d = lem(p — 1,q — 1) > /n,
providing at least sublinear window size.

Proof. The proof follows the same structure as Theorem 3.1. Since ord(g) = d, we have
¢' = ¢’ (mod n) if and only if i = j (mod d). Thus for |i — j| < d, the values are distinct,
yielding window size d.

For n = 2%, the group Zy is not cyclic but has exponent 2k=2 The element 5 has
order 2F=2 establishing the claim. For m = pgq, by the Chinese Remainder Theorem,

Zy, = 7y, x Zy, so the maximal order is lem(p —1,¢ — 1) > \/(p— 1)(¢ — 1) = Q(y/n). O
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This theorem rigorously establishes that even for composite moduli, the construction
provides linear or near-linear window size.

6.2 Weighted Heterogeneous Servers

When servers possess heterogeneous capacities ci,...,c, with Y ¢; = C, we define a
weighted variant:
Algorithm: Map sequence index ¢ to server k if

g' mod C € [C, Cy + cp),
where Cy = >, 1 ¢).

Theorem 6.2 (Competitive Ratio for Weighted Allocation). For servers with capacities
Cmin < ¢ < Cmax, the weighted Galois Scattering algorithm achieves a competitive ratio of
at most:

Cmax

p Cmax <2.

p—1 cmin Cmin .
In particular, when capacities are uniform within a constant factor (cmax/Cmin < @), the
competitive ratio is O(1).

Proof. The proof uses a potential function argument. Consider the optimal offline algo-
rithm which can achieve load OPT(k) =t - ¢;/C for server k after ¢ requests.

Galois Scattering assigns one request every p — 1 steps to each of the p — 1 active
servers (in the unweighted case). In the weighted case, the mapping ¢ mod C' distributes
requests proportionally to the interval lengths c;. Over any window of size p — 1, server
k receives at most [ci(p — 1)/C requests.

Thus the load L(k) satisfies:

Li(k) < [

The competitive ratio is therefore:
maxp Lt(k> < tcmax/c+ 1 < Cmax + C )
maxy, OPT, (k) temin/C Cmin  tCmin

For t > C, this is bounded by 2¢max/cmin. The factor p/(p — 1) accounts for the excluded
server. L]

t .Ck(p— 1) < tck
p—1 C

This theorem provides the formal competitive analysis asserted in previous sections.

7 Conclusion

We have presented Galois Scattering, a deterministic online algorithm for load balancing
that achieves window size w = p — 1 for p servers using only O(logp) space and O(1)
computation per request. By exploiting the multiplicative structure of finite fields, the
algorithm guarantees that no server receives two requests within any window of size less
than p, while maintaining perfect load balance over complete periods among p — 1 active
servers.

We explicitly acknowledge that the construction corresponds to a linear congruential
generator (LCG), a classical pseudorandom number generator, and that the sequence is
predictable if parameters are known. Our contribution lies in establishing the first rigorous
analysis of LCGs through the lens of worst-case combinatorial dispersion for online load
balancing, including;:
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e A rigorous space lower bound in the cell-probe model (£2(log p) bits necessary, The-
orem [4.3))

e Formal cross-correlation analysis for multi-dimensional allocation (Theorem [5.2)

e Strict theorems for composite moduli (Theorem and weighted servers (Theo-
rem [6.2))

While simple round-robin achieves the optimal window size w = p with identical
asymptotic complexity, our construction offers distinct structural properties—exponential
trajectories rather than arithmetic progressions—that provide provably superior decorre-
lation in multi-dimensional settings (quantified as O(1/,/p) vs ©(1) cross-correlation) and
avoid systematic alignment with periodic request patterns, validated both theoretically
and experimentally.
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